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ABSTRACT

Norm attainability of elementary operators on Hilbert and Banach spaces has been characterized before. However,
there is little information on Norm attainability of generalized finite operators on C*-algebra. This paper reports the
norm attainability of generalized finite operators on C*-algebra. The approach of Okello 2018 has been used to
determine norm attainability. Given two pairs of norm attainable operators A, B, implementing the generalized finite
operators||AX — X B —I|| = 1, it then follows that the generalized finite operator is also norm attainable.
Keywords: Banach spaces, Complex Hilbert Space, Norm attainable

INTRODUCTION

Let! be a complex Hilbert space, E(H)} be the collection of bounded linear operators o with, inner product
space and GF be the set of norm attainable generalized finite operators, the inner derivation is defined by
5,e(X) = |1XA —AX|| , the generalized derivation @q5(X) = |IAX — XBIl|, the generalized finite operators
||AX — XB— I'|| = 1 is said to be norm attainable, if for every pair of operators 4. EeE(H) implementing the
generalized finite operators are norm attainable and there exists a scalar g and some unit sequence £, such that

1
1Za11=1, [ql=1 and |1(4 —q) = Zull < -, and ||(B — q)Z4 1| = ||

Definition 1.1 (Involution on algebra, Gelfand et al, 1943)

If A is an algebra, a mapping =: 4 — 4, defined by X — X* is called an involution on algebra A if it satisfies the
following four conditions; @ x. yeA,

i) (x+y) =x"+7
i) (dx)"=Ax"

iii) (xy)" =y"x"

iv) - (x"*=x" =x

If A is a Banach algebra with an involution and, for every wxed || XX ||=|| X ||?, then 4 is called C *—algebra.
Examples of C™-algebra

i) Let BE(H} be a collection of bounded linear operators on a complex Hilbert space H, with inner product
space, then B{H} is a C*-algebra.

Definition 1.2 Generalized finite operators GF
Given pairs of operators (A, B)}e B(H) x E(H): ||AX — XE —I|| =1 is a generalized finite operator
Definition 1.3

An operator A€B (H} is said to be norm attainable if for every unit vector x=H it then follows |l4x|| = || Al|
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RESULTS AND DISCUSSION

Theorem 2.1 (Okelo 2018)

Let 5.TeE(H) if both S and T are norm attainable then the basic elementary operator Msr is also norm attainable.
The lemma below gives the result on norm attainability of inner derivative

Lemma 2.2

Let H be a complex Hilbert space, B{(H)} be the collection of bounded linear operators on H with, inner product
space and GF be the set of norm attainable generalized finite operators, the inner derivation &4eGF is norm

attainable if there exists a scalar q and some sequence £y such that ||Z,ll=1, |gj=1 and [|{A —g) =Z,]| {f
AX - —AX

Proof.
We define inner derivative G4 as 8, (X) = |lAX — XAl|, from ||(A —g) *= Z,|| < f,when n>1, then we will have,

1A% — xAl* =|(4 —q]'xzﬂ—zﬂ||=-l|xf;,q—quﬂ||= )
= ||(AY — gX) 2y — Zy|I7 — |1(AX —gX) Z, ||
=II{AX—QX]%nII‘+}—{|I{H}f—q}f]3nll‘_ )
= ||(AX — gX)||° [1Za]1° + 1 - {1 (AX —qX||7]1Z ]I
=LA - 19?10l + 1 = glAax|? — 197112112y
=||AX — (—AX) + gX]||*
= ||JAX + AX))F + 1
=44l + 1

Getting the square root on both sides of the equation, we have

14X - XAl = 2|4l + 1=6,
Since operator A is norm attainable, it then follows that the inner derivative &, is norm attainable.
Next we give the conditions for norm attainability of generalized derivative &,z
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Lemma 2.3

Let H be a complex Hilbert space, E{H} be the collection of bounded linear operators on H. with inner product
space and &F be the set of norm-attainable generalized finite operators, the generalized derivative &,zcGF is norm
attainable if there exists some scalar g and a unit sequence Z,, such that ||1Z,1|=1, Ig] =1, II(4 —q)» |= % and
£ '

1B — @) Zafl> >
Proof
We define a generalized derivative &,z as &5 (X)=||4X — XE|| for every xeE(H)
It then follows that |l4X — XBI|* = ||(4 — q)XZ,, — Z,II* - {1X(B — q) Z.|*}
= |I(AX — qX) Zy|P* + 1~ {||(BX — aX) Zal")
=||CAX — X} 1" | 2all” + 1 -{II(BX — gX]|7]| 21"
=|lAX[ - 1q*[1X11* + 1 — {IBX1)* — |q*]1X1]} (i)
= ||AX|F-1+1-||BX]* +1
= |lAXI)* — |IBXI)* +1
Getting the square roots on both sides of the equation, we obtain
lAX — XE|| = ll4]l — 1IB]l + 1 (i)
From equation 1 we get the inequality
lax — XBI|* > |lAX1[* - [q1*|lx1]* + 1 - {IBXI|* — 1q1%]1X1]*}
Implying that, [|4X — XE|] = ||4]l — |IE]] + 1 (iii)

For the reverse inequality, from equation 1, we have
14X — XBI)? = |14%1)% + 1g)2|1x1 )2 + 1 = {)IBX1)? + 1g)31%11%}
= |lAx1*F +2-|IBXl)* -1

< Il - 1Bl +1
Getting square root on both sides we get
llAX — XB[| = [l4ll — [IB]l + 1 (iv)
From equation (iii) and (iv) we get
llax —xBl| = |14 - [I1B]] + 1
Hence |lAX — XBI| = |]4ll — ||Bl| + 1=G845. Therefore &8ss is norm attainable since A and B are norm

attainable. The next theorem gives main results on norm attainability of generalized finite operators.

Theorem 2.4
Let H be a complex Hilbert space, E{H be the collection of bounded linear operators on H with inner product space
and A.BeGF, if A and E are norm attainable, then the generalized finite operators
(AB)eB(H) = B(H):||AX — XB —I|| = 1is norm attainable.

Proof
For 4, BeB(H), it is known that ||4X — XB|| = |14]] — |I1B]] + 1
We let [|Zalk=1, lg] =1, 11(4 = @)* Zu]| = = and |I(B — q) Zal1> -
Now for every n= 1, then we will have ' '

|AX - XB - I'|| =z Sup {|I(AX - XB - I)Z,|}
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= Sup {||(A—q)XZ, — Lyl — |IX(B —q) Zp|l + 1}

= Sup {||A]| — [IB]l + 1}
Implying that ||AX - XE - I]] = [|4]] — |IE]] + 1 (i)
For the reverse inequality,
|AX - XBE - T'|| = Sup {|[(A—q)¥Zy — Zn|l — |IX(B —gq) 24| + 1}
= Sup {||AX]| + IqllIX[] — [IBX]] + |gllIX]I] + 1}
= Sup {||4]] - IB]] +1-1+1
= Sup {|lA]| - lIB]l + 1}

Implying that, [14% - XB - I|| = [|4]] — [IB]] + 1 (i)
From equation (i) and (ii) we get

lax - xB - 1|| = pay - 1181 + 1

Therefore the generalized finite operator 4. BeB(H): || AX - XB - I|| = 1 is norm attainable.

REFERENCES
Anderson, J. 1973. On normal derivations. Proceedings of American Mathematical Society,
38(1)135-140

Blanco, A., Boumazgour, M., & Ransford, T. J. (2004). On the norm of elementary operators.
Journal of the LondonMathematical Society, 70(2), 479-498.

Bonsall, F. & Duncan, J. 2012. Complete normed algebras Vol. 80. Springer Science &
Business Media.

Du, HK., Wang, Y.Q., & Gao, G. B. (2008). Norms of elementary operators.
Proceedings of the AmericanMathematical Society, 136(4), 1337-1348.

Fujimoto, 1. (1998). A Gelfand—Naimark theorem for C*-algebras. Pacific Journal of
MATHEMATICS, 184(1), 95-119.

Kinyanjui, J. N., Okelo, N.B., Ongati, O., & Musundi, S.W. (2018). Norm Estimates for
Norm-AttainableElementary Operators. International Journal of Mathematical
Analysis, 12(3):137-144.

Mathieu, M. (1990). More properties of the product of two derivations of a C*-algebra.
Bulletin of the AustralianMathematical Society, 42(1), 115-120.

Mathieu, M. (2001). Elementary operators on Calkin algebras. In
Irish Math. Soc. Bull. Mecheri, S. (2005). Generalized finite
operators. Demonstratio Mathematica, 38(1), 163-168.

Okelo B. (2018). Norm-Attainability and Range-Kernel Orthogonality of Elementary Operators.
Communications inAdvanced Mathematical Sciences, 1(2), 91-98.

Okelo, N.B., Agure, J. O., & Ambogo, D. O. (2010). Norms of elementary operators and
characterization of norm-attainable operators. Int. J. Math. Anal, 24, 1197-1204.

Okelo, N.B. (2012). The norm attainability of some elementary operators.

Okelo, N.B. (2020). On Norm-Attainable Operators in Banach Spaces. Journal of Function
Spaces, 2020.

Stacho, L. L., & Zalar, B. (1996). On the norm of Jordan elementary operators in standard
operator algebras. Publ.
Math. Debrecen, 49(1-2), 127-134.

Stampfli, J. (1970). The norm of a derivation. Pacific journal of mathematics, 33(3), 737-747.

Chuka University 8 International Research Conference Proceedings
7th and 8t October. 2021 Pa. 551-553



Timoney, R. M. (2003). Computing the norms of elementary operators. Illinois
Journal of mathematics, 47(4),1207-1226.

Williams, J.P. 1970. Finite operators. Proceedings of the American Mathematical Society, 26(1):129-
136.

Chuka University 8 International Research Conference Proceedings
7th and 8t October. 2021 Pa. 551-553



