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ABSTRACT

Transitivity action properties of the alternating group A, on ordered and unordered n — tuples and on the direct
product of alternating group on unordered sets have been greatly studied by different researchers. However, no work
has been done for transitivity action of the Cartesian product of the alternating group on the Cartesian product of
ordered 1 — tuples of sets. This paper determined the transitivity action of the Cartesian product of the alternating
group acting on a Cartesian product of ordered sets of triples. The Orbit-Stabilizer Theorem has been used to
determine the transitivity action. When n = 5, the action of the Cartesian product of alternating group on the
Cartesian product of ordered sets of triples is transitive.
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INTRODUCTION
Notation and Terminology
In this paper we shall represent the following notations as: ¥.- sum over i; 4, -an alternating group of degree n and

order —: |G| —the order of a group G; |G: H| -Index of H in &; P™ _ the set of an ordered triple from set

= (1.23.. ..n}: 5% _ the set of an ordered triple from set § = {n + 1.n + 2.....2n}%; V™ _ the set of an ordered
trrple from set 1r’ ={2n +1.2n+ 2.....3n}; [a b, c] -Ordered triple; 4, X A, % A, -Cartesian product of

alternating group Ax; P s s VB Cartesian product of ordered sets of trrples P, 5B gng W

Definition 1.1.1: Let P be a non-empty set. Agroup & issaid to act on the left of £ if foreach § € & and each
p € F there corresponds a unique element gg € & such that:

(i) (9:9:)=g:(g:p) 909 €6 and pE P,

(i) Forany p € F ep = P where e isthe identity in G
The action of ¢ from the right on P can be defined in the same manner.

Definition 1.1.2: Let & act on a set F Then P is partitioned into disjoint equivalent classes called orbits or
transitivity classes of the action. For every # € P the orbit containing g is called the orbit of # and is denoted by
Orb(p).

Definition 1.1.3: Let G act on a set P and p € P . The stabilizer of p in &, denoted by Stabg(p) is given by
Stab;(p) = {g e Glgp =p}.

Defmrtron 1.1.4: Let & actona set P The set of elements of P fixed by g € & is called the fixed-point set of &
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Fix(g)

Definition 1.1.5: If the action of a groupoii-set P has only one orbit, then we say that & acts transitively on P
In other words, & acts transitively on P if for every pair of points .5 € F, there exists § € &¢ suchthat gp = =.

Definition 1.1.6: A group & with two subgroups H and K. then they are said to be conjugate if # = gkg~" for some
gEGG.

Theorem 1.1.7 (Krishnamurthy, 1985, p. 68): Two permutations in A5 are conjugate if and only if, they have the
same cycle type and if g € 5, has cycle type (&;.@z.-.... &g, then the number of permutations in 5, conjugate to g
iS, r‘—

I, eiti=t

Theorem 1.1.8 (Orbit — Stabilizer Theorem, Rose, 1978, p.72): Let & act on a set P. Then
|0vbs (P} = |G: Stabs (p)l.

Theorem 1.1.9 (Cauchy-Frobenius Lemma, Rotman, 1973, p.45): Let & be a group acting on a finite set Then
the number of &-orbits in P is,

1
— |Fix (g)].
6] Luges T @

Definition 1.1.10 (Direct product action, Cameron et al, 2008): Let {(&;. P, and (G5, P, be permutation groups.

pgvif pE R,

The direct product G, x G, acts on the disjoint union 2, U B by the rule p(g,. .} = IFE ifp P and on the

Cartesian product P, x P, by the rule (p,.p,)(g,.9:.) = (2,01, 12 92)-

Theorem 1.1.11 (Armstrong, 2013): The G, % G; % G, -orbit containing (p.s.wv) e Px 5=V isgiven by
Orbg, (p) % Orbg, (s) % Orbg, (v) and the stabilizer of (p.s,v) isgivenby Stab (p) x Stabg, (s) % Stabg_ (v).

Chuka University 8 International Research Conference Proceedings
7th and 8tN October. 2021 Pa. 554-560



INTRODUCTION

Higman (1964) introduced the rank of a group on finite permutation groups of rank 3. In 1970, Hitman proved that
the rank of the symmetric group 5, acting on 2-element subsets from the set P = {1,2,....n} is 3 and the sub
degrees are: , 1 2(n — 1) and (";%)- Cameron (1972) worked on the sub orbits of multiply transitive
permutationsand later in 1974 studled the sub orbits of primitive groups.

Ndarinyo et al., (2015) showed that the alternating group 4, = 2.8.7 acts transitively on unordered and ordered
triples from the set P =1.2,...n when n =7 through determination of the number of orbits. Nyaga (2018)
proved that the direct product action of the alternating group on the Cartesian product of three sets is transitive. The
ranks and sub degrees associated with this action forn =4 is 8; and 1, (n — 1), (n—1)% (n—1)* respectively.
Based on these results we investigate some propertles of A,=A,xA, b the Cartesian product action of

thealternating group acting on PR % 5B % VB the Cartesian product of ordered sets of triples.

The cartesian product of alternating group 4, x 4, % 4., actson P2 x 5B » v pythe rule;
31{{[1,2,3], [1.24],....[nn—1n—-3L[nn—-1.n-2]0}x g:{{[ﬂ +in4+2n+illn+tiln+2nt+
4.2 2n—12n -3l 2n2n—1.2n -2]}x glllZn+ L2n+ 220+ 3] [2n+ 120 + 220 +
4],...[3n,3n - 1.3n — 3], [3n.3n — 1,3n - 310} = {g, ([1.23]. [1.24].....[nn - Ln -3l [n.n—1.n—
Mgn+ln+2n+3ln+in+2n+4l...[2n2n-12n-3l[2n2n - 1.2n - 2]), g ([2n +
12n+22n+3L[2n+ 1.2n + 22n +4].... [3n.3n — 1.3n — 31.[3n,3n — 1.3n - 3]}

Vg gs.0: € A, 101,231 01024].. .. Inn—1n-3LIhn-1n-211te

PU! set of ordered triples fromthe set P={1.23,...nh {{ln+1ln+2n+3ln+1n+2.n+

4],....[2n.2n — 1.2n — 3], [2n.2n — 1,.2n — 210} € 5% zet of ordered triples fromthe set S={n + L.n +
2n};

and

{(Zn+12n+22n+3L[2n+12n+22n+4) ... [3n3n - 13n -3l [3n,3n - 1.3n - 3D} €

VI, set of ordered triples from the set V = {2n + 1.2n + 2.....3n}

MAIN RESULTS
Lemma 2.1: The action of A_ = A. » A. on Pl g1 % I3 is transitive.
Proof: Let ¢ = A; x A; x A acton pBly §BIy y3  where pFl=¢[1,23][124],[125][132
1,541,[2,1,3],[2, 1,4],[2,1,5],
2,53],[2,54], [3,1,2],[3,1,4],]
11, [3,52],[3,541.[412]]
, ,51,[4,511,[4,52],[4,531], [
. [5.3,2],[53,4].[541],[542],[5,
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SEl =([6,7,8],[6,7,9],[6,7,101,[6,8,71,[6,8,91,[6,8101,[6,9,71,[6,9,81,[6,9,101,[6, 10, 7
1.06,10,81,16,10,91,[7,6,81,[7.6,91,[7, 6,10],[7,8,6][789][7 101,[7,9,61,[7.9,81,[7,9,
101,[7,10,61,[7,10,81,[7,10,91,[8,6,71,[8,6,91,[8, 6, O][8 61,087,918 7,101,[8,9,6], [
89,7],[809 1018, 10,61,[8,10,71,[8,10,91,[9,6,71,[ 9, 6, 81, [9 6,101,[9,7.61,[9,7,81,[9, 7,
101.19,8,61.[9.8.71,[9.8 101, [9,10,61,[ 9,10, 7], [9, 10,81, [ 10,6, 7 1. [ 068][069][1076
1,[10.7.81,[10,7,97,[10,8,61],[ 10, 8,7,[10,8,97],[10,9,6].[ 10,9, 7], [ 10,9, 8]} : and

VEl = ([ 11,12, 13],[ 11, 12, 14 ],[ 11, 12, 15 ], [ 11, 13, 12], [ 11, 13, 14 ],[11, 13, 15],[ 11, 14, 12 ], [ 11, 14, 13
1.[11,14, 157, [ 11, 15,12 ],[ 11, 15, 13 ], [ 11, 15, 14 ], [ 12, 11, 13], [ 12, 11, 14], [ 12, 11,15 ], [ 12, 13,11 ], [
12,13,141,[12, 13,151, [ 12, 14, 111, [ 12, 14, 13], [ 12, 14, 15],[ 12, 15, 11 ], [ 12, 15, 13 ],[ 12, 15, 14 ], [ 13,
11,121,113, 11,141, [13,11, 151, [ 13,12, 11 ], [ 13, 12, 14 ], [ 13, 12, 15 ], [ 13, 14, 11 ],[ 13, 14, 12], [ 13, 14
157],[13,15,11],[ 13, 15,121, [ 13, 15, 14 ], [ 14, 11,12, [ 14, 11, 13 ], [ 14, 11, 15 ], [ 14, 12, 11 ], [ 14, 12, 13
1, [ 14,12, 151,[ 14, 13, 111, [ 14, 13, 12], [ 14, 13, 15 ],[ 14, 15, 11 ], [ 14, 15, 12 ], [ 14, 15, 131, [ 15, 11, 121, [
15,11,131,[ 15,11, 141, [ 15, 12, 11],[ 15, 12, 13], [ 15, 12, 14 ], [ 15, 13, 111, [ 15, 13, 12], [ 15, 13, 141, [ 15,
14,117, [ 15, 14, 121, [ 15, 14, 13]} .

The Cartesian product of PE! x SEI w WIZ is generated using the GAP software with

\PEl x 5B % VEI| = 216 000. G is generated by

<{(12345),123)}1{(6 78910), (6781}, (11 121314 15),(11 12 13)} > using the GAP software.
([1.2.3].[6.7.8].[11.12,13]) is fixed by an element (g,,. g.g,) € G ifand only if 1.2 and 3 comes from a single
cyclein g, ;6.7 and & comes from asingle cycle in ',gs and 11,12 and 13 comes from a single cycle in g, .

Therefore, Stab, ([1.2.3]. [6.7.8]. [11.12.13]) = {1.6,11} = {(e,.e.. ¢, )}.
|Stab, ([1.2,3].[6.7.8].[11,12,13])| =1 .

By Orbit-Stabilizer Theorem,
|Orbg ([1.2,3]. [ﬁ,?,ﬂ], [11,12,13])| = |G: Stab.([1.2,3],[6.7.8]. [11.12,13])]

~ |Stab, {[1?3] [ﬁ? 8], [11.12,131
716[][] . n .
= = 216000 = |PE! x §E % v

Therefore, As % As x A: acts transitively on PEI x 5B 5 w31

Lemma 2.2: The action of 45 * A; ¥ Az on PBlx 5E » VI s transitive.
Proof: Let G = A; % Az % A acton PEBI 5 SEI 5 7131 where;
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[8,10,9],[8,10,11],[8,10,12],[8,11,71,[8,11,91,[8, 11,101, [8, 11,121, [8,12, 71,8, 2 9],[8 12
10],[8,12,111,[9,7,81,[9,7,101,[9,7,111,[9,7,121,[9,8,71,[9,8,101,[9,8,111,[ 9, 8, 121, [9, 10,
71,09, 10,81, [9, 10,111, [9, 10,121,[9,11,71,[9,11,8],[9,11,10],[9, 11,121, [9, 12, 71, [9, 12,81, [
9,12,101,[9,12,111,[10,7,8],[10,7,9],[10,7,11], [ 1 [ 10, 8,

Il

0,7,121,[10,8,71,[10,8,91,[ 10,8, 11],
121,[10,9,71,[10,9,871,[10,9,111,[10,9,12],[10, 11, 7], [ 10,11, 8], [ 10, 11,91, [ 10, 11, 12, [ 10, 12,
71,[10,12,8],[10,12,9],[10,12,11],[11,7,8],[11,7,9], [ 11,7,10],[11,7,12], [ 11,8,7],[ 11,8, 9],
[11,8,10],[11,8,12],[11,9,7],[11,9,81,[11,9,10],[11,9,12],[11,10,7],[11,10,8],[11,10,91, [
11,10,12]1,[11,12,7],[11,12,81,[ 11,12,9],[11,12,10 ], [ 12,7,81,[12,7,9],[ 12,7, 10], [ 12, 7, 11 ], [
12,8,71,[12,8,91,[12,8,10],[12,8,11],[12,9,71,[12,9,81,[12,9,10], [ 12,9, 111, [ 12,10, 7 ], [ 12,
10,81,[12,10,9],[12,10,11],[ 12,11, 7], [ 12, 11,871, [ 12, 11, 9], [ 12, 11, 10 }and;

VBl ={[13,14,15], [ 13, 14,16 ], [ 13, 14,17 ], [ 13, 14, 18 ], [ 13, 15, 14 ], [ 13, 15, 16 ], [ 13, 15, 17 ], [ 13, 15,
181,[13,16,141,[ 13, 16,15],[ 13, 16,171, [ 13, 16, 18], [ 13, 17, 141, [ 13, 17, 15], [ 13, 17,16 ], [ 13, 17, 18
1.[13,18,147,[13,18,15],[ 13, 18,161, [ 13,18, 17], [ 14, 13,15 ], [ 14, 13, 16 ], [ 14, 13, 17], [ 14, 13, 181, [
14,15,137],[ 14, 15,16 ], [ 14, 15,171, [ 14, 15, 18 ], [ 14, 16, 13], [ 14, 16, 15], [ 14, 16, 17 ], [ 14, 16, 18 ], [ 14,
17,131,[14,17,15],[ 14, 17, 16 ], [ 14, 17,18 ], [ 14, 18,13 ], [ 14, 18, 15], [ 14, 18, 16 ], [ 14, 18, 17 ], [ 15, 13,
141,115, 13,161, [ 15, 13,17 ], [ 15, 13, 18 ], [ 15, 14, 131, [ 15, 14, 16 ], [ 15, 14, 17 ], [ 15, 14, 18 ], [ 15, 16, 13
1.[15, 16,141, [ 15, 16, 171, [ 15, 16, 18], [ 15, 17, 13], [ 15, 17, 14 ], [ 15, 17, 16 ], [ 15, 17, 18], [ 15, 18, 131, [
15,18, 141, [ 15, 18,161, [ 15, 18, 17], [ 16, 13, 141, [ 16, 13, 15], [ 16, 13, 171, [ 16, 13, 18], [ 16, 14, 13 ], [ 16,
14,151, [ 16, 14, 17, [ 16, 14, 18], [ 16, 15, 13 ], [ 16, 15, 141, [ 16, 15, 17 ], [ 16, 15, 18 ], [ 16, 17,13 ], [ 16
17,141,[16,17,15],[ 16, 17, 181, [ 16, 18, 131, [ 16, 18, 141, [ 16, 18, 15], [ 16, 18, 171, [ 17, 13, 14 ], [ 17, 13
15],[17,13,16 ], [ 17, 13,181, [ 17, 14, 131, [ 17, 14, 15], [ 17, 14, 16 ], [ 17, 14, 18 ], [ 17, 15, 13], [ 17, 15, 14
1.[17, 15,161, [ 17, 15,181, [ 17, 16, 13], [ 17, 16, 14 ], [17, 16,151, [ 17, 16,181, [17, 18,13], [ 17, 18, 14 ], [
17,18,15],[17, 18,161, [ 18, 13,141, [ 18, 13,15 ], [ 18, 13, 16 ], [ 18, 13, 17], [ 18, 14, 13], [ 18, 14, 151, [ 18,
14,161, [ 18, 14,171, [ 18, 15,131, [ 18, 15,14 ], [ 18, 15, 16 ], [ 18, 15, 17 ], [ 18, 16, 13 ], [ 18, 16, 14 ], [ 18, 16
151],[18, 16,171, [18,17,13],[ 18,17, 14],[ 18, 17, 15], [ 18, 17, 16 ]}.

The cartesian product of Pl x SEI ¢ WIE s generated using the GAP software with

| PEI 5 5B % 31| = 1728000. G is generated by

= {(123456),(123)},{(7 8910 11 12), (789}, {(13 141516 1718),(13 14 15)} = using the GAP software.
([1,2,3,[7,8,9],[13,14,15]) is fixed by an element (g,. g,.g,) € ¢ ifand only if 1.2 and 3 comes from asingle
cyclein g, ;7.8 and % comes from a single cycle in g: and 13.14 and 13 comes from a single cycle of g, .
The |Stab,([1.2,3].[7.8.9], [13,14.15]}| = 27.

By Orbit-Stabilizer Theorem,
|Orb, ([1,2,3],[7.8,9], [13,14,15])] = |G: 5tab, ([1,2,3],[7.8,9], [13,14,15])]
1G]

~ |Stab, ([1.2,3]. [7.8.9], [13.14.15])]

46 656 000 o
= —;——=1728000 = \PEl ¢ 5B » |

Therefore, Ag x Az % A acts transitively on PEI x 5B » I3,

Lemma 2.3: The action of 47 % 4; ® A; on PEl x §B1 » VI js transitive.

Proof Let G =A; ®xA; ®x 47 acton PEl x SBlx VI where;

={[1,2,3],[1,2,4],[1,2,5],[1,2,6],[1,2,7],[1,3,2],[1,3,4],[1,3,5],[1,3,6],[1,3, 7], [ 1,
4,2],[1 4,3],[1,4,5]1,[1,4,6],[1,4,7],[1,5,2],[1,5,3],[1,5,4],[1,5,6],[1,5,7], [1,6,2],[ 1,6,
31,[1,6,41,[1,6,5],[1,6,7],[1,7,2],[1,7,3]),[1,7,4],[1,7,5],[1,7,6],[2,1,3],[2,1,4],[2,1,5
1[2,1,6]1,[2,1,71,[2,3,1],[2,3,4],[2,3,5],[2,3,61,[2,3,7]1,[2,4,1],[2,4,3],[2,4,5],[2,4,6],
[2,4,7],[2,5,1],[2,53]),[2,54],[2,5,6],[2,5,7],[2,6,1],[2,6,3],[2,6,4],[2,6,5],[2,6,7], [
2,7,11,[2,7,3),[2,7,4],[2,7,5],[2,7,61,[3,1,2],[3,1,4],[3,1,5],[3,1,61,[3,1,7],[3,2,1], [ 3,
2,41,13,2,5],[3,2,6]1,[3,2,7],[3,4,11,[3,4,2],[3,4,5],[3,4,6]1,[3,4,7],[3,5,1], [3,52],[3,5,
41,13,561,[357],[3,6,11,[3,6,2],[3,6,4],[3,6,51,[3,6,71,[3,7,11,[3,7,2],[3,7,4],[3,7,5
1,[3,7,61,[4,1,2],[41,3],[4,1,5],[4,1,6],[4,1,7],[4,2,11,[4,2,3],[4,2,5],[4,2,6],[4,2,7],[
4,3,11,[4,3,2],[4,3,5],[43,6]1,[43,7],[4,51],[4,52],[4,53],[4,56],[457],[4,6,1], [4
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Bl = {[8,9,10],[8,9,111,[8,9,12],[8,9,13],[8,9,14],[8,10,91,[8, 10,1171, [8, 10, 12], [ 8, 10, 13 ],
[8 10,141,[8,11,97],[8, 11,10, [ 8 11,121, [ 8. 11, 131, [ 8, 11, 14].[ 8, 12,91, [ 8,12, 101, [ 8, 12, 111,
8,12,131,[8,12,141,[8,13,9],[8, 13,101, [8,13,11],[8,13,12],[8, 13,141, [8, 14,91,[ 8, 14,101, 8,
14,111,[8,14,12],[8,14,131,[9,8,10],[9,8,111,[9,8,121,[9,8,131,[ 9,8, 141, [ 9, 10,81, [ 9, 10, 11
119 10,121,[9, 10,131, [9, 10,147, [9,11,8],[9,11,10], [ 9, 11,121, [ 9, 11,137, [ 9, 11,141, 19, 12, 81,
9,12,10],[9,12,111,[9,12,131,[9,12,141,[9, 13,81, [9, 13,101, [ 9, 13,111, [ 9, 13, 121, [ 9, 13, 141, [ 9
14,81,[9,14,10],[9, 14,111, [9, 14,121, [ 9, 14, 131,[ 10, 8,91, [ 10, 8, 11],[ 10, 8, 121, [ 10, 8, 131, [ 10, 8,
147,110,9,81[10,9, 11],[ 10,9, 12, [ 10,9, 13], [ 10,9, 14], [ 10, 11,87, [ 10, 11,91, [ 10, 11, 12, [ 10, 11,
13],[10,11,147,[10,12,8],[ 10, 12,91, [ 10, 12,111, [ 10, 12, 13], [ 10, 12, 14],[ 10, 13,8],[ 10, 13,91,
10,13,111],[ 10, 13,121, [ 10, 13, 141, [ 10, 14, 81, [ 10, 14,91, [ 10, 14, 11 ], [ 10, 14, 12, [ 10, 14, 131, [ 11, 8,
91,[11,8,10],[11,8,12],[11,8,13],[11,8,141,[11,9,8],[11,9,10],[ 11,9,121,[11,9,13], [ 11, 9, 14
1111, 10,871,111, 10,91, 11, 10,127, [ 11, 10, 131, [ 11, 10, 141, [ 11, 12,81, [ 11,12, 9], [ 11, 12, 10 ], [ 11,
12,13],[11, 12, 141, [ 11,13, 8], [ 11,13, 9], [ 11, 13,10, [ 11, 13, 12], [ 11, 13, 14], [ 11, 14,81, [ 11, 14, 9],
[11,14,10],[11,14,12],[11,14,13],[12,8,91,[12,8,10],[12,8,11],[12,8,13], [ 12,8,14],[ 12,9, 8],
[12,9,10],[12,9,11],[12,9,13],[12,9,14],[12,10,8], [ 12, 10,9],[ 12, 10, 11], [ 12, 10, 13], [ 12, 10, 14
1,012, 11,81, [12,11,9], [ 12, 11,10], [ 12,11, 13], [ 12, 11, 14], [ 12, 13,81, [ 12, 13, 9], [12, 13,10 ], [ 12,
13,11],[12, 13,141, [ 12, 14,81, [ 12, 14,91, [ 12,14, 10], [ 12, 14, 11], [ 12, 14, 13],[ 13, 8,91, [ 13,8, 101, [
13,8,11],[13,8,12],[13,8,14],[13,9,81,[13,9,10],[ 13,9,11],[13,9,12],[13,9,14],[ 13,10,81, [
13,10, 9], [13,10,117], [ 13,10, 12],[ 13,10, 141, [ 13, 11,87, [ 13, 11,9, [ 13, 11, 10], [ 13, 11, 12, [ 13, 11
141,113, 12,81, [13,12,91, [ 13,12,10], [ 13,12, 11],[ 13, 12,14 ], [ 13, 14,81, [ 13, 14,91, [ 13, 14, 10, [
13,14,111,[13,14,12],[ 14,8,91,[14,8,10],[ 14,8,11],[ 14,8,121,[ 14,8,13],[ 14,9,81,[ 14,9, 10], [
14,9,111,[14,9,12],[ 14,9,13],[ 14, 10,81, [ 14,10,91, [ 14, 10, 11], [ 14, 10, 12], [ 14, 10, 13], [ 14, 11, 8
1,[14,11,91,[14,11,107], [ 14, 11,12, [ 14, 11, 13], [ 14, 12, 8], [ 14, 12,91, [ 14, 12, 10], [ 14, 12, 11 ], [ 14
12,13],[14,13,8],[14,13,9],[ 14, 13,10], [ 14,13, 11], [ 14, 13, 12T}

VEl ={[ 15, 16,171, [ 15, 16, 18], [ 15, 16, 19], [ 15, 16, 20 ], [ 15, 16, 21 ], [ 15, 17, 16 ], [ 15, 17, 18, [ 15, 17,
191,[ 15,17, 201, [ 15,17, 211, [ 15, 18,161, [ 15, 18,17 ], [ 15, 18,191, [ 15, 18,20 ], [ 15, 18,211, [ 15, 19, 16
1.[15,19,171,[15, 19, 18], [ 15, 19, 201, [ 15, 19, 21 ], [ 15, 20, 16 ], [ 15, 20, 17, [ 15, 20, 18], [ 15, 20, 191, [
15,20,211,[15, 21,161, [ 15, 21, 171, [ 15, 21, 18], [ 15, 21, 191, [ 15, 21, 20 ], [ 16, 15, 17 ], [ 16, 15, 18 ], [ 16,
15,191,[ 16, 15,201, [ 16, 15, 211, [ 16, 17, 15], [ 16, 17, 18], [ 16, 17, 191, [ 16, 17, 20 ], [ 16, 17, 21 ], [ 16, 18
151,[ 16,18, 171, [ 16, 18,191, [ 16, 18,201, [ 16, 18, 21 ], [ 16, 19, 15 ], [ 16, 19, 17 ], [ 16, 19, 18 ], [ 16, 19, 20
1. 116,19, 211, [16, 20, 15], [ 16, 20, 171, [ 16, 20, 18], [ 16, 20, 19 ], [ 16, 20, 211, [ 16, 21, 15], [ 16, 21, 171,
16,21,181,[ 16, 21,191, [ 16, 21,201, [ 17, 15,16 ], [ 17, 15, 18 ], [ 17, 15, 19 ], [ 17, 15,20 ], [ 17, 15, 211, [ 17,
16,151,[17, 16,181, [ 17, 16,191, [ 17, 16,20 ], [ 17, 16, 211, [ 17, 18,151, [ 17, 18,16 ], [ 17, 18,19 ], [ 17, 18,
20],[17,18,21],[17, 19,151, [ 17,19, 16 ], [ 17, 19, 18], [ 17, 19, 20 ], [ 17, 19, 21 ], [ 17, 20, 15 ], [ 17, 20, 16
1,117, 20,181, [17,20,19],[ 17, 20,211, [ 17,21, 15], [ 17, 21, 16 ], [ 17, 21, 18], [ 17, 21, 191, [ 17, 21, 201, [
18, 15,161, [ 18, 15,171, [ 18, 15,191, [ 18, 15,201, [ 18, 15, 21, [ 18, 16, 151, [ 18, 16, 17, [ 18, 16, 19], [ 18,
16,201,[ 18, 16,211, [ 18, 17,151, [ 18, 17, 16 ], [ 18, 17,191, [ 18, 17,201, [ 18, 17,211, [ 18, 19, 15], [ 18, 19,
161,[18,19,171,[18, 19,201, [ 18,19, 211, [ 18, 20, 1571, [ 18, 20, 16 ], [ 18, 20, 171, [ 18, 20, 19 ], [ 18, 20, 21
1.[18, 21,151, [18,21,161,[ 18, 21,17],[ 18, 21, 191, [ 18, 21,201, [ 19, 15, 16 ], [ 19, 15, 171, [ 19, 15, 18], [
19,15,201,[19, 15,211, [ 19, 16, 15], [ 19, 16, 171, [ 19, 16, 18], [ 19, 16, 201, [ 19, 16, 21, [ 19, 17, 15], [ 19,
17,161,119, 17, 181,[ 19, 17,201, [ 19, 17,211, [ 19, 18, 151, [ 19, 18,16 ], [ 19, 18,17 ], [ 19, 18,20 ], [ 19, 18
211,119, 20,151, [ 19, 20, 161, [ 19, 20, 17, [ 19, 20, 18], [ 19, 20, 211, [ 19, 21, 151, [ 19, 21, 16 ], [ 19, 21, 17
1,119, 21,181, [19, 21, 20], [ 20, 15, 16 ], [ 20, 15, 171, [ 20, 15, 18 ], [ 20, 15, 191, [ 20, 15, 21], [ 20, 16, 151, [
20,16, 171, [ 20, 16, 181, [ 20, 16, 19, [ 20, 16, 211, [ 20, 17, 15], [ 20, 17, 16 ], [ 20, 17, 18 1, [ 20, 17, 191, [ 20,
17,211,[20,18,15],[ 20, 18, 16 ], [ 20, 18, 171, [ 20, 18, 191, [ 20, 18, 21 ], [ 20, 19, 15, [ 20, 19, 16 ], [ 20
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19,171],[20, 19, 181, [ 20, 19, 21 ], [ 20, 21, 151, [ 20, 21, 16 ], [ 20, 21, 17 ], [ 20, 21, 18], [ 20, 21, 19 ], [ 21, 15,
161,[21,15,17], [ 21, 15,181, [ 21, 15,191, [ 21, 15,20 ], [ 21, 16, 15 ], [ 21, 16, 17 ], [ 21, 16, 18], [ 21, 16, 19
1.[21,16,20],[ 21,17, 15],[ 21, 17, 16 ], [ 21, 17, 18 ], [ 21, 17, 19], [ 21, 17,20, [ 21, 18, 15], [ 21, 18, 16 ], [
21,18,171,[21,18,19],[ 21, 18,201, [ 21, 19, 15], [ 21,19, 16 ], [ 21, 19, 17 ], [ 21, 19, 18], [ 21, 19, 20 ], [ 21,
20,151, [21, 20, 16 ], [ 21, 20, 17, [ 21, 20, 18 ], [ 21, 20, 19 ]}

The Cartesian product of FEI x 5EI x wIZ s generated using the GAP software with

| PEl x 5B % 13| = 9 261 000, G is generated by

< {(1234567),(123) 1, {(8 910 11 1213 14),(8 9 100}, {(15 16 17 1819 20 21), (15 16 17)} = using the
GAP software. ([1,2,3],[8.9,10], [15.16,171) is fixed by an element (g,, g.. g, ) € G ifand only if 1.2 and 3
comes from a single cycle of g, ; 8.2 and 10 comes from a single cyclé of g.and 15.16 and 17 comes froma
single cycle of g, . '

The |Stab, ([1,2,3],[8.9,10],[15,16,171)] = 1728.

By Orbit-Stabilizer Theorem,
|Orb, ([1,2,3].[8.9.10],[15.16,171} = |G:5tab, ([1,2,3].[8,9.10], [15.16,17])]
4

~ IStab, ([1.2.3],(8.9.10], [15.16,171)]

18 003 002 000 9261000 |P[-,- S o pIE |
I R
Therefore, A; x A; % A; acts transitively on PF! x 5F1 x I3

Theorem 2.4: The action of 4, x A, x A, on PFlx 5B x VI s transitive if and only if n = 5.

Proof: Let 6 =6, x G, xG, =Ay Ay x A, act on  PEIx SELxVEL |t suffices to verify that
|PE! x S x VB is equal to 107b; ([1.23].[n+ 1.n +2,n + 3. [2n+ 1.2n + 2.2n + 3])I .

Let [Rl = |Stab ([1.2.3).[n+1.n+2.n+ 3L [2n+ 1.2n + 2.2n + 3])1.

S0, (gy.9:.8.) € G = A, x A, x 4, fixes

([1L23Ln+1ln+2n+3.[2n+12n+2.2n +3]) e PEL x 5B VE] ifand only if 1.2 and 3 comes
from 1-cycleof gy ;n+Ln+ 2 and n + 3 comes from 1-cycle of g: and 2n + 1.2Zn+2 and 2n + 3comes
from 1-cycle of g .

The Stabs([1.23).[n+1.n+ 2n+3L[2n +1.2n+ 2.2n + 3]} isisomorphicto: Ap_z X Ap_3 X Az .

Therefore,
IRl = IStabs ([1L.23.[n+ Ln+2n 43 2n+1L.2n+ 220+ 3] = |5ma 5, [1.2.3]) x Stabg ((n+ 1.n+

2.n+3]) x Stabg, ([2n + 1.2n 4 2,2n + 3])|
(n-haln—a)luln-201 _ ('Zr!—!f'!]z

2WIn

IRl = ;

Applying the Orbit-Stabilizer Theorem we get;
0rbe ([1.23).[n+1.n+2,n+ 3. [2n+ 1.2n + 2.2n + 3]
= |G:5tab ([L23]. [n+ Ln+ 2, n+3L[2n+ 1.2n + 2,2n + 3]0
3

2

|G|=n!xn!xr!!={r';!)2. sl _ IW:;;' =( n! ]--

T Tl ! T Ir*r:—z-:f (=201
w2 4
Therefore;
] ! - - -
Fo 8 -

Hence, A, * A, % A, acts transitively on PE! % SEL x WL jf n =5,

Corollary 2.5: For n <5, the
|Stab; ([1.23)[n+Ln+2n+3L[2n+12n+22n +3]0=ld, o x4, % 4, -l = 1,
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