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INSTRUCTIONS:  

 Answer any three questions 

 Do not write on the question paper 

 

QUESTION ONE: (20 MARKS) 
a) Define the following terms: 

 i) 𝜎-algebra          [2 marks] 

 ii) Borel𝜎-algebra         [2 marks] 

 iii) Measurable set         [1 mark] 

b) Let {𝜀𝑖 : 𝑖 ∈ 𝐼} be a collection of 𝜎-algebras. Show that how that ⋂𝑖∈𝐼𝜀𝑖  is also a 𝜎-algebras.[7 marks] 

c) Let ℬ = ℬ(ℝ) be the borel algebra of ℝ, 𝑅 be the ring of half-open intervals and 𝐼 = { 𝑎, 𝑏 : 𝑎 < 𝑏} 
be the set of all half-open intervals. Show that 𝜎 𝑅 = 𝜎 𝐼 = ℬ.    [8 marks] 

QUESTION TWO: (20 MARKS) 
a) Define the following terms: 

 i) Set function          [1 mark] 

ii) Probability measure         [4 marks] 

iii) Continuous set function        [5 marks]  

b) Let 𝜀 be a ring on 𝐸 and 𝜇: 𝜀 ⟶ [0,∞] be an additive set function. Show that if 𝜇 is countably 

additive, then 𝜇 is continuous at all 𝐴 ∈ 𝜀.       [10 marks] 

QUESTION THREE: (20 MARKS) 

a) Prove that there exists a unique Borel measure 𝜇 on (ℝ, ℬ) such that 𝜇  𝑎, 𝑏  = 𝑏 − 𝑎 for all 

𝑎, 𝑏 ∈ ℝwith 𝑎 < 𝑏.          [10 marks] 

b) (i) Describe an independent 𝜎-algebra.       [4 marks] 

 (ii) Let ℰ1, ℰ2 ∈ ℰ be 𝜋-systems and suppose that ℙ 𝐴1⋂𝐴2 = ℙ 𝐴1 ℙ(𝐴2)whenever 𝐴1 ∈ 𝜀1,

 𝐴2 ∈ 𝜀2. Show that 𝜎(𝜀1) and 𝜎(𝜀2) are independent.     [6 marks] 

QUESTION FOUR (20 MARKS) 
a) Describe the following terms as used in measure theory 

i) Measurable function         [2 marks] 
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ii) 𝜀-simple function         [4 marks] 

iii) Distribution function         [4 marks] 

iv) Almost everywhere convergence       [3 marks] 

b) Prove the Kolmogorov’s 0-1 law, that is, if {𝑥𝑛} is a sequence of independence variables, then every 

tail event has probability 0 or 1, and any Τ- measureable random variable 𝑌 is almost surely constant.  

            [7 marks] 
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